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(y>j ' The version of electrodynamics is constructed in which faster-than-light motions of fields 

jrt ' and particles with real masses are possible. 

O 

>>. 

f~i ■ 1. Introduction 

For certainty, by faster-than-light motions wc will understand the motions with 

velocities v > 3- 10^" cm/sec. The existence of such motions is the question discussed 

^ ' in modern physics. In spite of the well-known conservatism, in the world science 

considerable attention is given to this question. 
I^ , Blokhintsev (1946-1947) [1] paid attention to the possibility of formulating the 

^SZ. ', field theory that permits the propagation of faster-than-light (superluminal) inter- 

Ti^lj- ' actions outside the light cone. Later (1952) [2] he also noted the possibility of the 

^P ■ existence of superluminal solutions in the nonlinear equations of electrodynamics. 

Y^ , Kirzhnits (1954) [3] showed that a particle possessing the tensor of mass M*fe = 

•'T^ I diag{rno,mi,mi,mi), i,k — 0,1,2,3, gab — diag{+,—,—,—) can move with the 

^~j' faster-than-light velocity v — cmQ/rrii > c if jtiq > mi. 



Terletsky (1960) [4] introduced into theoretical physics the particles with imag- 
inary rest masses moving faster than light. 

Feinberg (1967) [5] named these particles tachyons and described their main 
properties. 



X 

C^ ' Research on the superluminal tachyon motions opened up additional opportu- 

nities which were studied by many authors, for example by Bilaniuk and Sudar- 
shan [6], Recami [7], Mignani [8], Kirzhnits and Sazonov [9], Corben [10], Patty 
[11], Recami, Fontana and Caravaglia [12]. It has led to original scientific direction 
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(hundreds publications). The tachyon movements may formaUy be described by 
SR expanded to the area of motions where s^ < 0. For comparison, the standard 
theory describes motions on the zero cone s^ = at f = c and in the area s^ > 
when V < c. 

The pubhcations are also known in which the violation of invariance of the 
speed of light is considered [13] - [19]. We can note, for example, the Pauli's mono- 
graph [13] where the elements of Ritz and Abraham theories are contained; the 
Logunov's "Lections on Fundamentals of Relativity Theory" [14]; the Glashow's 
paper [15] discussing the experimental consequences of violation of the Lorentz- 
invariance in astrophysics; publications [16] - [19] on the violation of invariance of 
the velocity of light in SR. 

Below a version of the theory permitting faster-than-light motions of electromag- 
netic fields and charged particles with real masses is proposed as the continuation 
of such investigations. 

2. Space-Time Metric. Transformation Law of Coordinates 

Let us start from the condition of invariance of the infinitesimal space-time 
interval of 4-space R*, the metric properties of which may depend on the velocity 
of a particle being investigated. Supposing that space is homogeneous and isotropic 
we take the metric in the form: 

ds"^ = (co^ + v^)dt^ — dx^ — dy^ — dz"^ = 
(c[,^ + v'^){dt'f - [dx'f - {dy'f - {dz'f - invariant. ^' 

Here x, y, z are the spatial coordinates, t is the time, cq, Cq are the proper values of 
the speed of light, v is the velocity of a particle with respect to the reference frame 
K. Let us connect the co-moving frame K' with this particle. Let the proper speed 
of light be invariant 

Co = Cq = 3 • 10 cm/ sec — invariant. (2) 

In this case, as follows from (^, the common time ip similar to the Newton time 
may be introduced on the trajectory of the frame K' movement with the velocity 
V — dx/dt: 

dt = dt'^ -^t = t'Q. (3) 

The value '^ 



c = ±c„Jl-f-, (4) 



^In the form of c' = c{l — /S^)'^' ^ the expression jl) was obtained by Abraham in the model of 
ether [13]. 
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is the velocity of light corresponding to the particle velocity v. Hereafter let us 
agree to name the value 3 • 10^° cm/sec the speed of light, the value c ^ cq the 
velocity of light. In accordance with the hypothesis of homogeneity and isotropy of 
the space-time, the velocity z; of a free particle does not depend on t and x. The 
velocity of light I^J is a constant value in this case. By substituting 



I z 



cdr = ± / co^/ 1 H jdr. 



(5) 





we may introduce the "time" x'^ and rewrite the expression JQ in the form 

ds' = {dx°)^ - {dx^f - {dx'f - {dx^)\ (6) 

where x^'^'^ = (cc, y, z). As is known, the metric IJBJ describes the flat homogeneous 
Minkowski space-time M^ with gik — (img(-f 1, — 1, — 1, — 1), i,k = 0,1,2,3. The 
infinitesimal space - time transformations, retaining the invariance of the form © 
take the form [20] 



dx" = Vkdx^, i,fc = 0,1,2,3, 



(7) 



where L^k is the matrix of the six-dimensional Lorentz group Lg. Let us, for ex- 
ample, write the matrix L*fc for one-dimensional Lorentz group Li with the group 
parameter (3 — V/c ~ const [20]: 



/ 



L\, 



1 



/3 



/3 



1 







\ 



V 















1 

1/ 



(8) 



Analogously to Q, we may introduce the formulae of transformation of the 4- 
velocity m* = {dx^ / ds , dx"" / ds) = (l/Vl — u^, u"/-\/l — u^) = (c/co,cu"/co), where 
ds = \/l — u'^dx^ = {co/c)dx^, u" — Vx,y,z/c, a — 1,2, 3, u^ ~ gikU^u'^ = 1: 



L'fcu'=,i,fc = 0,l,2,3. 



(9) 



As a result, the one-dimensional infinitesimal transformations corresponding to the 
given matrix, are: 



dx 



/o 



dx° - (3dx^ 



dx'^^ 



dx^ - Pdx° 



dx'^ = dx^: dx'^ = dx 



1- (3u^ 



(10) 

Here the latest formula follows from the law of 4-velocity transformation u"~' — 
L^kU^ under the condition (0); c' = cq/n/I — u'^, c = cq/VI — m^, c' = 7c. The 
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reciprocal transformations may be obtained by prime permutation. The group pa- 
rameters are related by the ratios (3' = —(3 and 7' — 7^^. The integral homogeneous 
transformations corresponding to (|l()|l are 

If) "^ fjX 1^ X fjX fn 'Z f'i 3 / f-^U 

They are induced by the operator X = xid^ — xq^i — u^cdc which is the sum 
of Lorentz group Li generator Jqi ~ 2;iC^o ~ x^di and the generator D = cdc of 
scale transformations group Ai. These generators act in 5-space M'^XV^ where 
V^ is a subspace of the velocities of light. We may say that the transformations 
pi|l belong to the group of direct product LiXAi. The generators Jqi and D 
and transformations l|ll|l are respectively the symmetry operators and symmetry 
transformations for the equation of the light cone s^ in the 5-space V^ = M^XV^ 
where IcI < 00 includes the subset cq < IcI < 00. We have 



s^ = (x")2 - {x^f - {x^f - (x'f = 0, 
Joi(s2) = 0, D{s^)^0, [Joi,D]=0. 



2^ _ r, n/„2^_^l r 7_ . nl _ n (^2) 



Below we shall consider the case of positive values of the speed of light. In this case 
SR is realized on the hyperplane c = co- 

The relationships between the variables for the space-time R^ with metric (^ 
and for Minkowski space M** with metric © are as follows: 





d dx° d ^ 
dt ~ dt dx° ^ ^ 

a. 


dx" d d 

dt dx" "dx"' 


d 

dx 


dx° d y^(9a;" 9 
dx dx^ ' ^ dx dx" 

a 


( [ dc ^ ^ d ^ d 
\J dx Jdx"'^ dx^' 


d 


dx" d ^dx" d 
dy dx° ' ^ dy dx" 


( [ dc ^ \^ d ^ d 
~ \J dy ' Jdx" ' dx^' 


d 
dz ' 


dx" d y-^dx" d 
dz dx" ' ^ dz dx" 


{ f dc \ d d 
^[ dz'^^)dx" + dx^- 



(13) 



We restrict ourselves by studying a variant of the theory in which the velocity of light 
in the range of interactions may only depend on the time t, i.e. c — c{t) <~* c — c{x"), 
where the relationship between x" and t may be deduced from the solution of Eq. 
®. Then 

Vc{x") = 0, c = c{x"), u = u(a;°);-> Vc(i) = 0, c = c{t), v = v{t). (14) 

Let us note some features of motions in the space M'*(a;°,x). 

1. As in SR, the parameter f3 — V/c in the present work is in the range < /3 < 1. 
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2. As in SR, the value dx" is the exact differential in view of the condition 
Vc = 0. 

3. As distinct from SR, the "time" a;° = ct in the present work is a function of 
the time t only for the case of a free particle. In the range of interaction the velocity 
of light depends on time t. The value x'^ becomes the functional lO of the function 
c{t) and takes into consideration the history of moving the particle. 

4. The group parameter /3 = V/c of the matrix ^ may be constant not only 
at the constant velocity of light, but also at c = c{t). Indeed we may accept that 
< /3 = V{t)/cQ{l + v'^{t)/co'^y/^ = constant < 1, which is not in contradiction 
with V — V{t), c — c{t). Supposing here F = we find P — 0. Also, with F — > w, 
f ^ oo, we find /3 — > 1. This property permits the using of the matrix (jHJ for 
constructing Lorentz invariants in the range of interaction where c = c{t). 

Keeping this in mind, let us construct in the Minkowski space Af'* a theory like 
SR, reflect it on the space i?"* by means of the formulas H13(l with Vc = and 
consider the main properties of the constructed theory. 

3. Action, Energy, Momentum 

Following [20] , analogously to SR we may construct the integral of action in the 
form: 

S = S,n + S„if + Sf = -moco ds--^ A,dx' - j^;^ / F,kF'''d'^x = 

-moCov/r~^+ — (A • u - (f>)]dx° — [{E^ - H^)d^xdx° = 

Co Sttco J 



-moco fds-- f A,fd^x~-^ f F^kF^'^d^x. 

J Co J le-Kco J 

(15) 
Here in accordance with [20] Sm = — 'tt-oCq J ds = —nioCo j{co/c)dx^ = —nioCo /(I — 
u^)dx'^ is the action for a free particle; Sf — —l/lGnco J FikF^'^d'^x is the action 
for free electromagnetic field, S,nf = —{e/co) J Aidx^ = — (I/cq) / A^jM^x is the 
action corresponding to the interaction between the charge e of a particle and elec- 
tromagnetic field; u = v/c is the "velocity" of a particle; A^ — (</>, A) is the 4- 
potential; Ai — gikA^; f = (p, pu) is the 4- vector of the current density; p is the 
charge density; Fit ~ {dAk/dx'^ — dAi/dx'') is the tensor of electromagnetic field; 
i,k = 0, 1, 2, 3; gik = diag{+, —,—,—); E = —dA/dx^ — V0 is the electrical field; 
H = VXA is the magnetic field; F.kF'''' = 2(H'^ - E'^); dx^ = dx° dx^ dx'^ dx^ is the 
element of the invariant 4- volume. The proper value of the speed of light cq, the 
rest mass toq, the electric charge e are the invariant constants of the theory. The 
integral of action (|15|l we shall name the modified action. 

In spite of the similarity, the action H15() differs from the action of SR [20] . The 
current density has taken in the form j' = (p, pu) = (p, p'v/c) instead of j* = (p, pv) 
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from [20]. The electromagnetic field has taken in the following form E = —dA/dx'^— 
V(j) = ~{l/c)dA/dt - V(j) instead of the expression E = -{l/cQ)dA/dt - V0 [20]. 
The current density 1)15(1 is similar to the current density from Pauli's monograph 
[13] with the only difference that the 3-current density in ((15|l has taken in the form 
pv/c instead of pv/co [13]. 

In addition to the Lorentz-invariance [20], the action (|15|l is also invariant with 
respect to any transformations of the velocity of light and, consequently, with re- 
spect to the transformations c' = 7c, as the value c is not contained in the expression 
(|15|l ^. As a result the action (|15|l is invariant with respect to the transformations 
(|11|1 from the group of direct product LiXAi C LqXAi, containing Lorentz group 
Lq and the scale group Ai as subgroups. 

The modified Lagrangian L, generalized 4 - momentum P and generalized energy 
H of a particle correspond to the modified action H15|) . We have: 



L = -moCoVl- u^ H (A-u-(/i): (16) 

Co 

dL mocou e e e 

-- = — ==^H A = pH A = movH A; (17) 

ou VI - u^ Co Co Co 

H = p.u-L='^"'"' + '^ = ^±^. (18) 

Co Co 



Here 



mov (19) 



is the momentum of a particle. 



2 




£ = mococ = moco \ I -\ 5-, T = moco I \/ H 5- - 1 ) ■ (20) 



Co" 



Let £ be the relativistic energy, T be the kinetic energy of a particle. The momentum 
p, energies £, T are the integrals of motion for a free particle. The energy £ and 
the momentum p may be united into single 4-momentum (as in SR) 

The components of p* are related by the ratio: 

£^ 

.j Cy 2 2 2 

PiP ^ ^ - P ^ mo Co ; 

"' £ 

P=— v; (22) 

coc 

p = — c — — n, n = — , ij rrio — 0, v — c. 
coc cn c 



The choice of the action integral 1151 is ambiguous. Instead of 1151 . we may introduce the 
action in the form cS, where S is the action [20]. The "momentum" cp = mocov and the energy 
£ = moCQC are the integrals of motion in this case. The mass of movement M depends on the 
velocity v accordingly to the law A'l = mo/{l + v'^ /cq^)^^^ [17]. 
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4. Equations of Motion for Charged Particle and Electromagnetic Field 



Let us start from the mechanical [20] and field Lagrange equations [21, 22]: 

dC 



d dL 
dx° du 



9x ' dx''d{dA,/dx'<:) dA, 



(23) 



Here L is given by the expression (|f6|l : C is the density of the Lagrange function 
C = —{l/c[))Aif — {l/l67rco)FikF^'' . Taking into account the vector equality V(a • 
b) = (a • V)b + (b • V)a + Etx(Vxb) + bx(Vxa), the permutational ratios of the 
tensor of electromagnetic field, the expression d{F'^^Fik)/d{dAi/dx^) = — 4F''^ [20] 
and relations \V6\ with Vc = 0, we obtain the following equations of motions [17]: 



(24) 
(25) 



dp 

dt 


dv 
dt 


c e 

= — eE H vx 

Co Co 


H; 


d£ 
dt 


= eE • V - 


dc 

-^mo — 

dt 


e 
= — V 

Co 


E. 


VXE + 


19H 

c dt 


0; 


V-E = 


= iirp 


VXH- 


19E 
c dt 


Anp^: 


V H 


= 0. 



(26) 



The equations (|24|I - H26() . considered as the whole, form the set of nonlinear elec- 
trodynamics equations which describe the joint motion of an electrical charge and 
electromagnetic field. Taking into account the expression for the velocity of light 



c{t) 



coWl + ^ = c(0) 



Co" 



?7iococ(0) 



v-Edr 



c(0) 



£it)-£iO) 



c(0) 



m 

£{oy 



(27) 



moCoc(O) 

where c(0) is the velocity of light at i = 0, £ = 7tt.oCoc(0), we may rewrite the set 
(I26|l in the following form 



Too 

d£ 
H 

H 
H 



dv 
dt 



m 

Co 



1 



£{t)-£{Q) 



£{0) 
ev • E ^ £{t) - £{0) = e 



eE 
t 



-vxH; 



Co 
V • Edr; 



£{t)-£iO) 



£(0) 
£{t)-£{0) 



£(0) 



VXE- 
VXH 





1 dU 

1 9E 



(28) 



Anp 



cioy 



V-E = 
V H 



47rp; 
= 0. 
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They coincide with the well-known SR equations [20] in the approximation [£{t) — 
£{Q)]/£{Q) < 1 when c(0) = cq. 

5. Transformational Properties of 3- Velocity, Momentum, Energy and 
Electromagnetic Field 

Let us start from the infinitesimal transformations Q. They induce the trans- 
formations of 4-velocity u'^ = L'^ku'', u*' — dx*' /ds. As consequence, the formulas 
of transformations for the 3-velocity take the form: 



v'y t;„\/l--^ v'. w, \/l- 



VxV ' qI c 1 — "^^ 



(29) 



^ V c^ V c^ V -71 71 



nfl 1 ^':c y 



(30) 



In accordance with these results, the velocity v does not exceed the velocity of light 
c, i.e. V < c and analogously v' < d . The velocity of light c' in the reference frame 
K' corresponds to the velocity of light c in the frame K (as in SR). If c' = c, all these 
formulas go into SR formulas [20]. Bearing in mind that c' = c(l — Vvx/c^)/{^ — 
F^/c^)^/^, we find the transformational properties of 3-velocity in the present work: 

Vx-V 



Yl ' ' (31) 



W'2 / t.2 ,2 (V - V)2 - (VXV)2 



c'2 - ^V ' ~ ^' "■" ^ TT^ -■ (32) 

The first formula (p?^ also follows from the expression {c'^ — v'^)dt'^ ~ {c^~v'^)dt^ = 
co^dto for 4- interval ds^, when dto — dt ~ dt' in accordance with Q. 

Analogously, from the expression p'* = L'^kp'' one can be obtained the formulas, 
describing transformational properties of the 3- momentum p and energy £: 

, px - VE/cqc I , , £ - VpxCn/c 

P-^ l^^y. ^Py^Pv^Pz^P^-^ g - ,^\, ■ (33) 



If here c' — c — cq, we have the SR theory formulas [20]. 

The transformational properties of the density of electrical charge and elec- 
tromagnetic field may be obtained from the expressions j'* = L^kj^ and F' ik = 
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V- iU"" kFim in the case of the free motion of electrical charge when c = const: 



I v^V 



p' = p r^— - (34) 



T^ I 771 . 7-1 / y C J^ I ^ ' 



i/. + i^ „, i?.-^ 



rx' U . TT f y C . TT I 

tlx — rlx, Uy — , J^z — 



(35) 



l-K Ji-K 



Formally they are common both for SR theory [20] and for the present work. The 
expression (|34|l may be also written in the form p' /c' — p/c. Using the method 
of replacement of variables, the transformational properties of electromagnetic field 
can be applied to prove the invariance of Maxwell equations (|26f) with respect to 
space-time transformations Hll|l . 

6. Energy and Faster-than-Light Motion 

Let us begin with the expression v = \/£^ — mo'^ cq^ / niQCo > cq. It follows 
from here that in the framework of the present work a particle will move at the 
faster-than-light velocity, if the particle energy satisfies the condition: 

£ > \/25o = V2mQCo^. (36) 

{£o = tiqCo^). The energy £ = ^/2£o is equal ~ 723 keV for the electron {£o ^ 
510 keV) and ^^ 1330 Mev for the proton and neutron {£q ^^ 938 MeV). From here 
we may conclude that in the present work the neutron physics of nuclear reactors 
may be formulated in the approximation w < cq as in SR. The electrons with the 
energy £ > 723 keV would be faster-than-light particles (for example, the velocity 
of the 1 GeV electron would be ~ 2000 cq); the particle physics on accelerators 
with the energy of protons more than 1.33 GeV would be the physics of faster- 
than-light motions if the present theory were realized in the field of validity of SR. 
The examples of using the space-time transformations (|ll(l for the interpretation of 
Michelson, Fizeau and some other experiments, as well as for the interpretation of 
aberration of light and of Doppler effect, decay of unstable particles and creation 
new particles, faster-than-light motion of nuclear reaction products are given in [17]. 

7. Conclusion 

The LgXAi invariant theory has been constructed, where Lg is the Lorentz 
group, Ai is the scale transformation group of the velocity of light c' = 7c. The 
field of application of the theory is yet unknown in the present time. Nevertheless in 
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according with the Blokhintsev papers [1] we may assume that the proposed theory 
wiU prove to be useful in the field of quantum physics of dimensional particles, 
where the property of elementary nature should not contradict to the existence of 
internal structure of the particle. Indeed, the elementary particles should be points 
in the Lg invariant theory (SR) because of a finiteness of the speed of light cq. In the 
LgXAi invariant theory this requirement is not necessary because of the absence 
of the limit to the velocity of light c. The postulation c' ~ c leads to SR. 
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